Solutions to the exercises in Lecture 1

In Exercises 2-9, A is an abelian /-group and < is the partial order on A induced by
V, as in Exercise 1.

1. Let (L, V) be a join semilattice. Define a relation < on L by
a<b < :b=aVh.

Show that < is a partial order, and for all a,b € L, a V b is the least upper
bound of a and b.

Solution. Suppose a,b,c € L.

e Reflexivity. a < a because a = a V a by idempotence of V.

e Anti-symmetry. Suppose a < b and b < a. Thenb=aVband a =>bV a.
By commutativilty of V, a = 0.

e Transitivity. Suppose a < band b < c¢. Then b =aVband c =0V c.
Thus, c = (aVb)Ve=aV (bVc)=aV e, by associativity of V. Thus,
a<c.

This shows that < is a partial order. We show that a V b is the least upper
bound of a and b. It follows from the definition of < and the idempotence and
associativity of V that a <aVband b<aVb,ie., aVbisan upper bound of
a and b. Suppose ¢ is an upper bound of a and b, i.e., c=aVcand c=bV c.
Then c=cVe=(aVe)V(bVe) = (aVb)Veby the properties of V. It follows
that (a V b) < c¢. Thus a V b is the least upper bound of a and b.

2. Show that for all a,b,¢,d € A: if a < band ¢ < dthena+c <b+d. (In
particular, a <b <= 0<b—a.)

Solution. If a < b, thenb=aVb sob+c=(aVb)+c=(a+c)V(b+c),
soa+c < b+c If c <d, then by a similar argument, b + ¢ < b+ d. By
transitivity of <, a +¢ < b+ d.

3. Consequences of distributivity of + over V. Show that for all a,b € A:

(1) a=a" —a".
a+(0V—a)=(aV0),s0a=(aV0)—(0V—a)



(i7) (a+b)T <at +b".
(a+b)VO< (a+b)Vavbv0=(a+(bV0))V(bV0)=(aV0)+(bVO0).

(iit) (b—a)* >b" —at > —((a—b)").
Writing b—a in place of b in the previous fact: a™+(b—a)™ > b™, proving
the first inequality. Similarly (a—b)* > a™—b% so bT—a™ > — ((a—b)*).

(iv) IfaAb=0, then (a —b)" =a and (a — b))~ =b.
a=a—(aANb)=a+(—aV —=b)=0V(a—b)=(a—0b)"
b=b—(aANb)=b+(—aV-b)=0V(b—a)=(a—0b)"

(v) Forallne N, n(aVv0)=naV(n—-1)aV---VaVo.

Proof by induction. The n = 0 case is obvious. By the induction hypoth-
esis:

(n+1)(aVv0)=(aV0)+ (naV(n—1aV---V0).
The right side simplifies to

(n+1aVnaV(n—a)aV---VO0.

(vi) From (v) deduce: if 0 <n € N and 0 < na then 0 < a.

n(av0)=naV(n—1aV---VaV0 Exercise 3(v)
=naV(n—1)aV---Va naV0=na
=a+((n—1)aV(n—-2)aVv---Vv0) distributive law
=a+(n—1)(aVv0) Exercise 3(v)

aV0O=a Subtract (n —1)(a V 0)

4. Properties of | |. Show that for all a,b € A:

(i) 0<]al.
a < |a] and —a < |a|]. Adding these, 0 < 2|a|. By 3(vi), 0 < |al.

A self-contained proof:

(la| v 0) + (|a| v 0) = 2|a| V |a| V O + distributes over V
= 2la| V |a| 0 < 2|al
= |a| + (Ja| V 0) + distributes over V



(17) a* +a” =al.
at+a” = (aV0)+(-aV0) = (a+(-aV0))V(-aV0)=aV—-aV0 =g
(@) |a+b| <lal +1b].
By 3(ii), (a4+b)" = (—a—b)" < (—a)* + (=b)" =a~ +b~. Add this to
3(ii).

. Show (i) for all z,y,z € A, 2+ (yAz2) = (x+y) A (z+ 2), and (ii) a — —a
is an order-reversing automorphism of A. (Accordingly, a A b is the greatest
lower bound of a and b, and therefore, (A, Vv, A) is a lattice.)

(i) o (yAz) = 2~ (v —2) = —(—a+ (~yV—2) = —((~a—y)V(~z—2)) =
(x +y) A (x+ z). (i4): Suppose a < b. Then b = a vV b. Subtract a + b from
both sides: —a = —bV —a. Thus —b < —a.

. Suppose a;,b; € Aand a; ANbj=0fori=1,...m and j =1,...n. Show:

(Z) (CLl + (12) AN b1 = 0.
a; = ay+ (ag ANby) = (a1 +az) A(a; +b1), 80 0 = (a; +az) A (a1 + by) A by,
but (a; + b1) A by = by, since 0 < a;.

(17) (a1 + -+ am)A(by+---+b,) =0.
By induction, using part (7).

. Suppose a,b € A and n € N. Show:
(i) n(a™) = (na)™.
na=n(a") —n(a"). By 6(ii), n(a*t) An(a~) = 0. Now use 3(iv).
(17) n(aVb)=naVnb, and n(aAb) =naAnb.
n(avb)=n((a—b*+b) =(na—nb*+nb=naVnb

. Show that (A, V,A) is a distributive lattice.

In this case, the hint actually provides a pretty complete proof sketch. Hint.
It is enough to show that (z Ay)™ = 2T Ay™. The relation (z Ay)" < at Ayt
is immdiate. For the other inequality, let z := (z A y)T — (z A y). Show
0<z+z2&x <2+ 2and hence 27 < z + 2. Similarly y* < y + 2. Thus
rt Ayt <(xAy)+z=(xAy)".

. Suppose X C A is a set. Show that the set of all elements of A that can be

written in the form
p q T

\//\ g NGk Tijk,

i=1j=1 k=1
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where p, ¢, 7, n;;, are positive integers and x5, € X, is closed under —, + and
V.

It suffices to show that the negative of an expression of this form can be written
in this form, and that the sum and the sup of two such expressions can also be
written in this form. In all cases, the distributive laws are enough to do this.
The details, however, are complicated. See the Bigard-Keimel-Wolfenstein text.



